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fuln=1,2,..)0 DOO0ODO0OODOOO, f,(0) =0, f/(0)>00000000. OO
D,=fb)00O0O. OO0OO0OOO {f}° 0000000000000 00O0OOOOO
0 {D,}x, 0000000000000 Carathéodory Kernel Convergence Thoerem 0O O O .
Pommrenke [18] O Duren 8] 2 0000000000, 000000000OOOOODOOOO
goboooooobo.

1.1 Kernel Convergence

(B,})0 COODODODOOODD. 000 (r000)00

B, = liminf B,, =: B,, D*=limsup B, =: B,

oo, 0o0odoooob0 nOUO0OO B, 000O0O0O0OOODO B, OO,000 nOOOO
B, 000000000 p*Udo. oo B,CcB*0O00O0O0O0O,O00 B,=B*0000
0000,000 {B,)>,0B,=B00000000.

000000000000000,000000 {f,}2,0000,00000 D, = f,(D)
00000000 {p,}*, 00000000000000000. 00000 {D,}*, 00
ooodod p,=D*0o0ooooo, D,=D*000000000000000O0O00O00O00O0O
ooo,{f.}2, 0000000 fO0000O0O00O0O,000 f(h)O1000O0O0OO,000

00 (=00000)000.0000000000000C00DODOO00O00O0O0OOODOD.

Definition 1.1.1 Let wy € C and assume that wo € D,, for all n. The kernel D of {D,} with
respect to wq is defined as the set consisiting of wqy together with all points w € C having the
following property:

(%) there exists a domain H with wy, w € H such that

H C D, for all sufficiently large n.

If there are no such points D = {wy}. Otherwise the kernel is a domain C C which contain wy.
In either case, the sequnce {D,} is said to converge its kernel D if every subsequnce of {D,}
has the same kernel. We denote the lernel of {D,,} with respect to wo by Ker ({D,}, wy).

Example 1.1.2 {D,} O kernel0 D OO0. D#{0} 000 DO IntD, 0 wo 00000
0000000.00000000000.000 {p,} 000 (-1,1)0000000000
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Dy = {z=a+iy:|z][y[ <1}
b, = {z=x+iy:z=p,,—1<y<1-—1/n}
D, = Dy—4,

0000000 z2=2+iyeD, 000020000000 2€D,V¥n>1. 00 20000
000 py=2000 NOOOOnR>NOO nO0000 z€D, 000 Dy C D, C D*C Dy
00 Dp=D,=D*000.0000 {D,}0 00000 kernel DO D={0}000. 00
DweD, w#00000000000000 domein HO NeNOO,weHO HCD,
vn>NOOOOOOOOOOO,{,}000000/4,NH£0000-,00000000
00000000,

000 example 0000000 {P,} 00000000, {D,} 0 kernel 0 D, 00000
0o,

Proposition 1.1.3 {D,,} 0000000000 wy € D; 0000 Ker({D,},wy) = D, =
D*=uUx,D, 000, D, — Ker ({D,},wy) O kernel convergence 00000000

Proof. 0O 00O

Proposition 1.1.4 {D,} 000000 wy €®,D, 000. 0000 D, =D* 000, O
00 wo € IntD, 000 Ker ({D,},we)D 0 wo 000 ImtD, DO00DD0D0O0O0D. OO
wo & IntD, 000 Ker ({Dy},wo) ={we} 00O

Proof. D,=D*0000.

wo¢IntD, 000. 0000 000 w,00000 HOOOONeNOOOO H—D, #0
000 »n>NOOOOO. 000 D= {w}.

0000 woeIntD, O000O. woe HO H C D, for all sufficiently large n 00000 H
000 HcIntD, OOO GO IntD, 0 wo OOOOOOOOODODO, GO wye OO
IntD, 000000000DOO0O0,DCG. 00 GO {D,}00000OOOOOO G C D, for
alne NOODOODODO weGUO DOOOOODODOODODGCD

Example 1.1.5 D, 0 C 00000000 [0,+00) 0000000000 {e?:0<6 <
27 —1/n} 0000000000 00000 kernel DO DOOOO, 00 D, D*0000
C—[l,c0)UdDOOOOO.

00 D,—-DO00000O0O000O0O. 00O Pommerenke [18] O p.31 Problem 3 00O
god.

Theorem 1.1.6 Let {D,}>2, be a sequnce of domains in C with wy € D, and let D be a
domain in C with wy € D. Then D, — D in the sense of kernel convergence with respect to wy
if and only if the following two condtions are satrisfied:

(i) every compact subset K of D is contained in D, for all sufficiently large n;
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(ii) for every c € 0D there esists a sequence {cy with c, € D, and ¢, = c(n — 00).

Proof. O00O0O.D,—DO0O0O. 0 we K OOOO kernel convergence 0000000 (x)
000000, Nw) e NOOO H(w)OOO. KO compact 0000000 HOOOOO
KOcoverOOO. OOO KCU;]:lH(wj)DDDD.DDDD N = max{wy,...,w;} 000
0KcU_ Hw;)CcD,forn>NDOOD () 00000,

(i) 0000000 ¢c0OD00O0O0OO0D UDOUODOOO NeNOU-D,#0foralln>N0OO
gooboooobooooooogoooo. ogooood NOoooooooodd n; — oo
DU—DanQDDDDDDDDD.DDDD voood Ker({Dnj},wo)DDDDDDDD
O0.ceoDU00w, eUNDOOOODODO, 00 wy & Ker({Dy,},wy). kernel convergence
00 {D,} 0000000000 kernel 00000000000 wy & Ker ({Dy,},wp) = D 0
good.

000 j;0000U=D(¢1/j)00000 U00000 NON@G)OOO.0OOOOO
000000 N@O)<N()<N@2)<---00000.n=1,..,N(1)-100000 ¢, € 8D,
0000O00.n=N(1),..,N2)—-100000¢, € D(c,1/j)— D, 000, ¢, € C—D,
0w eD, 0000000000000 0D,00 ¢, 000000 100000.0000
0 N(Gj)<nN(G+1)—100000000000000 ¢,eD(e,1/j) 000000000,

D00. 0000 (), (i) 0000000000. 00 D ¢ Ker({Dy},w,) 000. 000
w, € DOO00000 HO wy,wy € HOO HO compact 0 HCcDOOODOOOOO. OO
00 (i) 00 H C D, for all sufficiently large n. 00 0 w; € Ker ({D,},w,) 0ODO.

D0 w, g DO0DO0OOO0O. 000000000 H withwy, wy € Hwge DO wy ¢ DOO
O000,HO ceoDOOO. (i) 00 ¢,0D,0 ¢, »c00000,000 kernel convergence
000000000 (000 HOOOOOOOOO0OO0OOO0O. 000 w & Ker ({Dy}, wo).
000 Ker({Dn},wo) CDODOD.

D000 (), () 00000 D = Kee({D,},wy) 00000, 000 {D,} 0 D OO
0 (), (i) 00000 {P,} 0000000 {D,} 0 DOOO (i), (0000, 000
D =XKer({D,, },w,) 000, 0000000000 kenel DOOOO0O D, —»DOO0O00O.

1.2 Sequence of univalent functions

O f, O univalent 0000 f, —» f 00000 f,(Q) — f(D) in the sense of kernel conver-
gence JO0O0O0O0O. ODOODOO Carathéodory Convergence Theorem 0000000000 2
00 Theorem 0O ODOOODO.

Theorem 1.2.1 Let {f,}5°, be a sequence of univalent analytic functions in D such that f, —
[ uniformly on each compact subset of D and wy = f,(0) for all n. Then Ker ({f.(D)}, wo) =
f(D) #C. and f,(D) — f(D) in the sense of kernel convergence with respect to wqy. Further-
more if f is not constant, then f is univalent in D and f;' — f~' uniformly on each compact

subset of Ker ({ f,,(ID)}, wo)
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Proof.  f O univalent or constant 0 0 0000000 f(D)#A#CO0O0O.

Step 1 000 f(D) C Ker({fu(D)},wo) OOO. f O constant D00 f(D) ={wy} 0000
kernel 00000 wp € Ker ({£,(D)},0) 00000, f(D) € Ker ({£o(D)},wo) 0000 D

OO0 f0 univalent D00, 000 wy € f(D) D000 f(z1) =wy, |z <r<1000
2 e€DO r000. 0000 H={f(2):1]zl<r}0000 H C f,(D) for all sufficiently
largen OO O OO0ODO0O0OODOODOODO SteplO0OD00O0O0ODO. OO0O0OOOOODOODOO
nk%OODwkEH—fnk(D)DDDD.DDDDDDDDDDDDDDDD,wk—)w*E]:IDD
00000. 0000 {fu(2)—w} 0000000000,0000 f(z)-w*'0 =00000
0000000, f0 uwivalent 00 00000000D0000.000000 w*e HC f(D)
goodd.

Remark 1.2.2 00O Step 1 0000 f, O wniwalent DO 000000, ODOODOOOOO
go.

Step 2 Ker ({f.(D)},wo) C f(D) OOO. Ker ({f.(D)},wy) = {wo} OO0 wy = lim £,(0) =
f(0) € (D) OO Ker ({fo(D)}, wo) C f(ID).

000 Ker ({fu(D)},wo) £ {wo} 000. wo € f(D) 0000000000000 O0. O
00 compact set £ C Ker ({f,(D)},wo) 0000 domain H O Ne NO {wy} UE C HO
HcC f(D)foralln>NDOOOOOOO0O. n>NOOO0 = f g 0000 ¢, 0 H
O analytic O |pn(z)] < 1 for z € H 00 normal family OO0 0. ¢, — ¢ loc. unif. in H OO
0 {pn}, ¢ 000. 0000 @u(wy)) =00000000000 |p(w)| <1 forall we H O
00.00000 wi e HOOOO 2 = ¢(w) 0000 2 €D000. 000 f(z1) =w O
00000000.00000000 o=fYHOHCfDOOODO.

O00 e>00000 6>00 |f(z2) — f(z)| <efor|z—2z|<éd00000000,00 46
0000 n, O |fu(2)—f(z) <eforall |z—2z| <000 |p,, (w1) —p(w)| <o000000
gg.oooon

[f(21) —wi] < [f(z10) = f(@n, (i) + [ (@n, (w1)) = fu, (@n, (w1))]

< e4e=2¢

000 f(z)=w, 000,

0000000000 comapctset E0OOD {p,} 0000000000000000 f0
nonconstant 100 {¢,} 0 f1 0 loc. wnif. 00 000000000.00 EC f(D)000
0 E000000Ker({fu(@},we) C f(D)OOOD0. Step1 00000 Ker ({f(D)}, wo) =
f@Oooooo.

Step 3. f,(D) —» f(D) 00000 {f,} 0000000000000 0000000 Step 1
0200 {f,(D)}) 00000000 Kernel 0 f(D)000. 000 f,(D)— f(D)0O0O0OO.

Theorem 1.2.3 Let {D,} be a sequence of simply connected proper subdomains in C such that
wo € D, for all n € N. Let f, be the conformal mapping of D onto D,, with f(0) = wy and
f0) >0, n=12... If D, = Ker({D,},wy) # C in the sense of kernel convergence,
then either Ker ({D,},wo) = {wo} and f, — wy uniformly on each compact subset of D or
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Ker ({D,.},wo) is a simply connected domain which contains wy and { f,,} converge the conformal
mapping f of D onto Ker ({D,},wo) = {wo} satisfies f(0) = wy and f'(0) > 0.

Proof.
Step 1. {f,} O normal family 000 00000O. {f,(0)} O unbounded 00O 0O f (0) = oo
000 {n,} 0000. Koebe O 1/40000
/
0
{wEC:|w|<fN”T<)}CDnV
000 Ker({Dy, },wo) =CO0000.000 {f.(0)} 0 bounded DO 0. 00O Koebe O
distortion theorem [ [J O]
17(0)|z
[fn(2)] < g l2l <1
(1 —1z])?
00000, {f.(2)} O locally uniformly bounded 0 normal family 0 O O .

Step 2. {f,} O locally uniformly 000 O0000000. O0O0O0OO0O00O0OOO compact
subset 3K of D O Je > 0: VN € N: Jz; € K and m, n > N s.t. |fu(21) — fm(z1)| > €. OO
0200000 {fu}, {fm} O maxeer | fo,(2) — fm(2) >e 000000000. 0000
OO0ooooooooonD f,, = f, fm, —9g0 f#A¢00000. OO0 Proposition OO
Ker (Dy,, w5) = Ker ({fu, (D)}, wp) = £(D), Ket Dy, ,w5) Ker ({fn, (D)}, o) = g(B) 000,
D, — Ker({D,},wp) DODOOO f(D)=¢D)000. 0000 f0O constant 00O, g O
constant 0 f=¢gO0000. OO f0O nonconstant 000 g O0OOOO, 000 univalent O
DOOOOOO0O0D0DO f(0)=g(0)=we, 000 f(0)>0,¢(0)>000000 f=¢g000,
0ooooooo.oooo f, — f 0O locally uniformly DO O 0O0O. OO0 OO Proposition
0000 Ker({Dy,},wo) = f(D) 00 O.

Step 3. Ker ({D,},wo) = f(D) OO0 f(2) = wo OO, Ker({D,},wy) # f(D) OO0
O f O univalent function 00000 OO0 OO nonconstant O O, 0 OO univalent 0 D O
Ker ({D,},wo) D mapO0 00000000, OO £(0) =1lim f,(0) =we O f'(0) = lim f/(0) > 0
O00.00 fO00O0O0O0O0O0O0O f(0)>0000.

1.3 Counter example

0000 Carathéodory Convergence Theorem OO0 00000000000 ODOODOOOO
ooooogo.

Theorem 1.3.1 Let {f,} be a sequnce of analytic functions in a domain Q@ C C. with wy =
fu(z0) for all n € N. If f, — [ uniformly on every compact subset of Q, then f(Q) C

Ker ({f(2)}, wo)-

Proof. THeorem 1.2.1 0000 Step 1 000 OD0OOD0OODO,0000000000O000O0O0O
0. Let D be the kernel of { f,,(2)} with respect towy. f 00000000, 0000 f(2)=w
D000 kernel 00000 woe DOOOODDO £(Q) ={w)cD. 00 fO000D0000,
wy € f(QDO000 00 f(z)=w, 00000000, v:2=2(t),0<t<10 2(0) =20
D000 QOO0 curve D00. 0 ae~r 0000 f(2) = fla)+c(z—a)™ D 4... c£0000
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m()eNODODO.OOOO r(a)>00 000 U(a) O Ua) C Q, f(OU(a)) =D(f(a),r(a)
00,000 weD(f(a),r(a)), w# fla) D000 f(2)=w D000 2€U(ae) 000 m
O00000000000. Nla) eNOn>N(a) OOO |fu(z) = f(2)] <r(a)/2 for z € OU
D0D000000.0000 |jw—f(a)] <r(a)/2000 w000 |fu(z) - f(2)| < |f(z)—
0 2€0U() 000000. 000 fu(2)=w D000 20 U(@) DODOD0D0000 m(a
O0000.000 D(f(a),r(a)/2) C fo(w) foralln > N(a) DO0O. OO0 open covering

c UD(f(a).r()/2)

acy

00000, f(y) O compact 000000 ay, ag, ...,y €y 0

fnc U D), r(g)/2)

j=1,...0

«

)
)
a)
w|
)

—

gooooooob.oogo
= D(f(a;),r(a;)/2)
=10
N = max{N(a;), N(ag), ..., N(ay)} 0000 wy, wy € f(y) € HOn > N OOODOO
Hc ()OO0 weDbDOO.O

Example 1.3.2 0000000 Theorem OO, 000 D C f(Q) DO0O0O0O0ODO. ODOO
domain HO woe HOO H C f,(Q) 0000 n 000000000000 HNf(Q) =

O000oo0o00. 0000 (@ooo, 0000 ) univalent functions 0000 O Carathéodory
Convergence Theorem OO0 OO0 O0O00O00OO0ODOOO0O.

3
Gy = {wEC:1<|w|<2,|argw\<Z7r}

i

1
b, = {wEC:1+—§|w|<2,argw:6
n

G, = Go—1,

0000 g,:D—G, O ¢,(0) =2, ¢,(0) >00000 conformal mapping 000 . 000
O {Gn} O kernel G O

3 1
G:{wE(C:1<|w|<2,—Zﬁ<argw<67r}

00000 Carathéodory Convergence Theorem 00 ¢, O D OO G OO conformal mapping
g0 g(0)=+v2¢(0)>0000000000000000.0000 f,=¢2 f=¢*>000
0,{f,})0 fO00O0O0O0OOOO.

1\? 1
fn(]D)):{we(C:l<|w|<4}—{w€@:(1—1—5) §|w|<4,argw:§7r}
000, {f.(D)} O kernel D O

1
D:{wGC:1<]w[<4}—{w€C:1<]w]<4,argw:§7r}
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nooo,
3 1
f(D):{wGC:1<|w|<4,—§7r<argw<§7r}

O00. 000 sector{w: 1< |w|<4,n/3<argw<w/2} 0000 f,(D)00000C00O0O0O
O0000 f(b)0ooooo.

1.4 Sequnces of universal covers

Carathéodory Convergence Theorem 0 O O Theoreml1.2.1 0, 00000000000O0OO
O000b0oooooooo. oooog f, O, unramified and unlimited O covering O O O O
00000000 000O0ODO. OO0 Theoreml.2.3 0 analogue DO0OOODOO0O, O f, O
D,0 1000000000000 0O0OO0O0ObOOoOobooOoog. D, O simply conected O O
0001000000000 0D00D0000D0000 universal coveringmap 000000, O
000 D, 0000 f, O universal cover DO O OO0 OO. univalent map O 0 O universal
cover HOOO0O0OOO Theoreml.23 000000, OO

Lemma 1.4.1 Let S and S be two Riemann surfaces, and f : S — S is an unramified and
unlimited covering of S onto S. Suppose that H is a simply connected subdomain of S and
Po € f7U(H). Then f maps the connected component of H of f~'(H) with po € H conformally
onto Dy.

Proof. pozf(lf’o)DDD. 000 pe D, 0000 p, 0 pO HOO crveyd4dd. OO
OO0 ~0lift~70 po 000000 O0OOOOODOO. 70000 pOO0OOOODOO peU O
O0. HOOOOOOD p0 40000000000. D0O0O0ODO d=¢(¢qDOODODOODO
000 fop=idg 0000. o(H)CHO H)OODO 000, fle(H)=HOOOO.
UODHCUU-H#0O00ODO domain0 U C fY(H)O0ODO,GedAnUOOOO. f
O openmapp OO f(U) O f(go) ODOODOO. OO0 fU)—-H#A0OOOUC fY(H)O
00.0000 H)D 000 fFY(H) 00000 domain 00000000000000,
o(H)O fY(H)D0 $0000000000.

Theorem 1.4.2 Let 2 be a domain in C and zy € 2, wy € C. Let {f,} a sequence in H(2) such
that each f, is an unramified and unlimited covering map of Q0 onto f,(2) and that f,(20) = wy
for all n € N. Suppose that f, — f locally uniformly in Q. Then Ker ({f.(2)}, wo) = f(Q) and
fa(Q2) = f(Q) in the sense of kernel convergence. Furthermore if f is not constant, then f is

also an unramified and unlimited covering map of Q onto f(2).

Proof.  Step 1. We first prove f(2) C Ker ({f.(2)},wp). Since wy = lim f,(z0) = f(20) €
Ker ({f.(2)},wp), we may assume that f is not constant. For any w; € f(Q2) take z; €
with f(21) = w; and a domain Q with 2; € Qy C Q. Put H = f(Q). Then wy, w; € H.
We claim that there exists N € N such that H C f,(Q2) for all n > N. This implies w; €
Ker ({f.(2)},wp). Suppose this is false. Then there exists n, — oo and w, € f(20) — fn(€).
We may assume that w, — w* € H = f(Q) = f(Q). Since f, —w, # 0 for all z € Q and
n > N, we therefore obtain from Hurwitz’s theorem that f(z) —w* = lim(f,, —w,) # 0 for all

z € Q) because f is not constant. This contradicts w* € f(Qq) C f(€).
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Step 2. Now we prove Ker ({f,(2)},wo) C f(2). Since wy € f(€2), we may assume
Ker ({fn ()}, wo) # {wo}. For any wiKer ({f,(2)},wo) take a domain H and N € N such
that wgy, wy € H and H C f,(€Q2) for n > N. Since we can connect wy and w; by a piecewise lin-
ear curve in H, there exists a simply connected domain Hy, with wg, w; € H and Hy C Hy C H.
For n > N let €, be the connected component of f, !(Hy) which contains z.

Since f, is an unramified and unlimited covering, by Lemma 1.4.1 f,, maps {2, conformally
onto Hy. Let ¢, be the inverse mapping of f|g, on Hy. Clearly {¢,} is uniformly bounded
by 1. Hence there exists a subsequence {,, } such that ¢,, — ¢ locally uniformly in Hy. By
the Maximum principle and ¢(wy) = lim ¢, (wy) = 2o, we have |p(w)| < 1 for all w € H,.
For any w€H, put z* = ¢(w*). Since ¢, (w*) — z* and f — f on a neighborhood of z*,
we have f(z*) = lim, o0 fr, on, (w*) = w*. Thus we have f o p(w*) = w* in Hy and hence
wy € Hy = fop(Hy) C f(Q).

Step 3. “fn(2) — f(2) in the sense of kernel convergence”. OO O. By Step 1 and Step
2 we have for any subsequence {f,, } of {f.}, Ker ({fn, ()}, wo) = f(2). In other words
fn(©2) — f(£2) in the sense of kernel convergence.

Step 4. We assume f is not constant. Then by Hurwitz’s theorem f’(z) # 0 for all z € €. Let
b e f(2) and Hy be an open and simply connected neighborhood of b. It follows from a similar
argument in Step 2 that every connected coponent of f~1(Hy) is mapped conformally onto f
onto Hy. Put {a;} = f~*(b). For each a; let U(a;) be the connected coponent of f~(Hy) which
contains a;. Thus

JU(a)) = £ (Ho).
j=1
This implies f is an unramified and unlimited covering of Q onto f(£2).

Remark 1.4.3 0000000000000 wunwersal covers OO0 000000 OOOOOMO
O00 wnwersal cover OO0 O0O0O0OOO0O.

Carathéodory Convergence Theorem O 0 O Theorem1.2.3 O universal cover O [0 analogue
000000 LemmaO0O00O0OO.

Lemma 1.4.4 Suppose that f(z) is analytic in D and 0, 1 & f(D). Then

1+ |z]
L— |z

log | f(2)] < (7 +1og™ | £(0)])

Proof. See Ahlfors [2] p.19.

Theorem 1.4.5 Let wy € C and {D,,} be a sequence of domains in C such that wy € D,, and
C — D,, contains more than one point for all n. For each n let f, be the universal covering
map of D onto D, with f,(0) = wy and f(0) > 0. Suppose that D,, — D(n — o0) in the
sense of kernel convergence. Then if C — D contains more than one point, f, — f(n — o0)

locally uniformly in D where f is the universal covering map of D onto D with f(0) = wy and
1(0) > 0.



1.4. Sequnces of universal covers 9

Proof. a,b€e dD a+#b0000 Theorem 1.1.6 00 9D,, 3 a, — a € 0D dD,, b, — b€ D
000000 {a}, {5} 0000. 0000 ay by foralln 0000000. O (fu(2)—a)/(b—a)
0 Lemma 1.4.4 0000 {f,} O locallu uniformly bounded in D 000000 OOO. OO
O Montel 00O ODOOOODODO {f,} 00000, g=1limf, O000. Theorem 1.4.2 00O
g(D) =Ker ({D,, },wy) =D 000, D0 domain 0000 ¢g O universal cover 00 0. 0O
00 ¢(0) = lim, o [, (0) =wo OO0, ¢'(0) = lim, o £, (0) >00 ¢'(0) 2000 ¢'(0) >0
O000.000¢g=f000.000000 {f,}00000000000000000, ¢{f.}
00000000 fo0oOO0OOOOOOOOOODOO”OOOO,000 {f,}000 fOO
guoooooooobobn.
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